Chapter 9

Models of Self-Assembly

Profound study of nature is the most fertile source of mathematical discov-

eries.

Fourier, Analytical Theory of Heat

9.1 Introduction

One does not have to understand the science of optics to appreciate the
beauty of a rainbow; but it helps. In the same way, one need not master
the mathematics of self-assembly in order to appreciate the power of the con-
cept; but here too, it helps. In the first two parts of this book we focused on
descriptions of self-assembling systems. At times, we made use of mathemat-
ics, but ultimately our focus was on experiment rather than theory. In this
chapter, we shift our focus and examine the various theoretical approaches to
understanding the phenomenon of self-assembly.

There are as many different approaches to mathematically modelling self-
assembly as there are examples of physical self-assembling systems. In the
end, the type of model one constructs depends upon the type of question
one wishes to answer. These questions can vary wildly. At one end of the
Spectrum, we have models built to illuminate the behavior of one specific self-
assembling system. Such a model can have great utility. If accurate, it can
help reduce the number of costly or time consuming experiments one needs
t‘? conduct. It can clarify the role of various parameters in the system and
8ve a picture of parameter space that might otherwise be inaccessible. At its

©st, it can clarify a complex situation, help guide experiment, and identify
I‘;ew experimental regimes to be explored. At the other end of the spectrum
&ree have abstr.act models of the phenomenon of self-assembly. These models
s%kllSually divorced from any particular experimental system; rather they
to capture the behavior of some large class of self-assembling systems.

R ?Se models too, can have great utility. At their best, they can help us

SWer “What is possible?” types of questions. Is it possible to self-assemble

lerpinski Gasket in a system containing only two tile types? Is it possible
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212 Self Assembly
to self-assemble a cell given infinitely many tile types? These are the typeg
questions that abstract models are best at answering.

However, there is no hard and fast boundary between these types of mod
Models of a particular physical system are often found to apply to othepg‘
tems, systems that at first might seem unrelated. These models are perl
more abstract than we initially thought. Abstract models take their insp|
tion from physical systems and in seeking to capture general principles, o
end up capturing real behavior remarkably well. At times, a model that §
tially seemed abstract may end up being physically realizable, and end
showing us a new route to self-assembly. o

Nor is there any mathematical distinction between these types of maog
The equations of continuum mechanics can help us develop a detailed;
scription of the shape of a meniscus, but they can also be implementeg
a computer, governing the behavior of fictitious particles that have no cqg
terpart in the real world. Seemingly pure branches of mathematics, such
graph theory, which lends itself nicely to several abstract approaches, |
lends itself nicely to robotic control schemes for real world engineered pd
cles. Similarly, computer simulation plays an important role in the anal
of every kind of model. Both physically driven models and abstract mof
have a tendency to become analytically intractable. In both cases, numeg
simulation becomes a necessity. Y

Nonetheless, for clarity in the discussion, we will make a distinction
tween these two types of models. We'll divide this chapter into two
sections. In the first, Physical Models, we’ll describe approaches that’)
close to one physical system or some small subclass of physical systerms
the second, Abstract Models, we'll examine approaches to “What is possiby
type questions.

In Section 9.2, Physical Models, we begin with a mathematical mod
the structured surfaces discussed in Chapter 6. This model asks the ques
What can be accomplished if an electric field is used to manipulate the
imal energy surfaces of Chapter 67 This model is very much at the “sil
experimental system” end of the spectrum. Through this model we’ll see
key parameters in a problem may be identified and how a model can -'~“‘,
understand parameter space and suggest experimental directions. Next, %
examine a model that attempts to explain why the helix is such a fant
structural motif in nature. In contrast to the structured surface model
model focuses on a class of self-assembling systems rather than on 2
experimental setup. We'll see how such a model can be useful, both tO
insight into a broad problem, and to actually predict experimental res
For our third model, we’ll return to the first system we discussed in CHt
6: the self-assembling tile system of Hosokawa et al. The model we'll € 3
is drawn from their original paper [62] describing their experimental an.
oretical results. We'll see how a model inspired by chemical reaction kit
can capture the behavior of a tile based self-assembling system. Fina'%
this section, we’ll discuss the so-called waterbug model, due to Eric K&
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This final model is again unattached to any particular physical system, but
;s inspired by a class of such systems. With this model, we’ll see how theory
can aid in the design of physical systems.

In Section 9.3, Abstract Models, we focus on three abstract approaches to
modelling self-assembly. The notion of a conformational switch is the focal
oint of the first of these models. We encountered conformational switching in
Chapter 3 when we discussed the tobacco mosaic virus. We also encountered
this notion when we discussed proteins and again in part two of this book in
the context of several different engineered systems. The model of conforma-
tional switching presented in this section attempts to characterize the power of
a conformational switch to encode for a given assembly sequence. The second
model we consider is based on the notion of a graph grammar. This model
generalizes the conformational switch model and within the context of the
model is able to provide a constructive solution to the backward problem of
self-assembly. The final model we consider is the Tile Assembly Model. This
important model provides the link connecting self-assembly and computation.
We'll see how this model has been used to explore the question of complexity
of a self-assembling system and how this model provides a promising route to
programmed self-assembly.

One final note before we begin — to understand the details of every model
discussed in this chapter requires a broad mathematical background. Here,
we won't focus on these details. Rather, we’ll attempt to provide a sense
.Of the thinking behind the model, the questions it seeks to address, and the
importance of the answers to those questions. Further, where it seems most
appropriate, we'll fill in the mathematical background needed to understand
the basics of the model. However, this may not always be enough. If you find
thfﬁ details of a particular model in this chapter to be confusing or inaccessible,
skip them. You should still be able to get a sense of the model. If you still
firl(l a particular model to be heavy going, skip it entirely. The subsections
I this chapter are mostly independent.! I encourage you to find a modelling
approach and a set of questions that excites you, and to continue from there.

9.2 Physical Models

. l;‘;izhisvsection, we present four models that are focused on one particular
mode]a system, or on a small subclass of such systems. We’ve chosen these
readerstas representative exam_ples. Many more such efforts exist. We refer the
olf o [12, 64, 88, 148] for information on similar approaches to modelling

assembly. Further, if you return to part two of this book, you’ll find that

€ 1 : s
o eferences to the experimental systems discussed often contain models of
Se systems.
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9.2.1 Modelling Structured Surfaces

In Chapter 6, we examined an approach to self-assembly, pioneered:
the Whitesides group, that we called structured surfaces. Recall that in ¢
approach, droplets of PDMS were placed between rigid plates and thag’
changing the wettability of these plates, the density of the surrounding fi§
and the orientation of these plates, the shape of the surface assumed by
PDMS droplet could be controlled. In turn, the PDMS could be cross-lin}
or solidified, and hence objects with interesting shapes constructed with
the use of a mold or template. In their original article, the Whitesides g :
[70] also conjectured that electric or magnetic fields could be used to ob
an additional level of control over the shape of these surfaces. The mode
this section explores this idea. This model is due to Derek Moulton; furf
details may be found in [93]. :

To begin, Moulton replaced the PDMS droplet of Whitesides by a soap §
spanning two identical concentric rings. Working with a soap film allag
him to remove the volume constraint inherent in the PDMS system and w
with simple boundary conditions at the endpoints. Additionally, Moulton
able to carry out experiments with the system he devised. As we discug
in Chapter 6, a soap film spanning two rings naturally forms a catenoid;
see how this shape could be manipulated, Moulton added an outer electt
to the system surrounding the two ring soap film structure. By applyig
voltage difference, an electric field could then be created in the gap betwi
the soap film and the electrode. The basic setup of this system is showi
Figure 9.1. '

A z Radius a

¥~ Radiusb

Outer electrode,
potential V

Soap film,
potential zero

FIGURE 9.1: The geometry of the soap film and electrode system.
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By adding an electric field, Moulton added a second energy to the problem.
The soap film will attempt to minimize its surface energy, we saw this in
Chapter 6. But, there is also energy stored in the electric field. The shape
selected by this system will minimize the total energy, i.e., the sum of the
surface and field energies.

To derive an equation that would predict this shape, Moulton first needed
to derive expressions for each of these energies. In sketching this derivation,
we use the notation of Figure 9.1. Note that in the figure, the shape of the
surface is specified by the function u'(2’) and the electric field is specified in
terms of the potential function ¢'(r’, 6, 2’). The potential is assumed constant
on the outer electrode and on the soap film. The rings supporting the film
are of radius a, they are placed a distance L apart, and the outer electrode
has radius b.

In electrostatics, the electric field, E, can be specified entirely in terms
of the potential function through E = —V41)'. Since in the absence of free
charges, the field satisfies

/

V-E=0, (9.1)
the potential, 1), satisfies the Laplace equation
Vi =0. (9.2)

The fixed potential conditions on the soap film and outer electrode translate
into the boundary conditions

¥'(b,0,2') =0
P (W' (2'),

Now, note that the soap film surface, u/(z'), must also satisfy boundary con-
ditions. In particular,

(9.3)

8,7) =0. (9.4)

u'(L/2) =v/(-L/2) = a. (9-5)

Notice that we already have four parameters in this problem, a, b, L, and V.
In models such as this, it is convenient to introduce nondimensional variables.
This not only simplifies the discussion, but also helps one uncover the relative
Mportance of various terms in the model and helps reduces the dimension of
Parameter space to a manageable level. This process is called nondimension-
@lization. You can find a thorough explanation of this process in [99]. Here,
We introduce the variables

z/ ,r/ wl ul
i = == =—, 9.6
=2, il 9=¥, WY 96)
With these substitutions, Equations (9.2) through (9.4) become
2 2
T 10 L0 _, (9.7)

orz ' ror 922
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P =1 at T =

=0 at r= u(z).

This set of equations is in non-dimensional form. The key dimension}d
parameter that arises here is ¢ = (b — a)/L. Physically, € is an aspect raf

system, Moulton found that € was in fact a small parameter. This fact
be used to simplify the analysis below. '

Now, the energy stored by the electric field is given by a volume integ
taken over the region between the soap film and outer electrode. In particul

Electrostatic Energy = —%ﬂ / |E|? = —529 / |V1/)'|2.

Notice that to compute this energy, we need to know 7’ or equivalently’
This means that we need to solve Equations (9.7) through (9.9). Howey
this is not easy. First, the shape of the domain is not regular, and secog
the shape of the domain is not even known; it depends on u(z). But,4
approximate solution for 1) can be obtained by exploiting the fact e is a s
parameter. This requires asymptotic analysis; we'll skip the details. Giy
this approximate solution, an expression for the electrostatic energy canj
obtained. It can be further simplified by using the divergence theorem? 8
the boundary conditions. At the end, we obtain

1/2 5 =il
Electrostatic Energy = —weOV2L/ (log —) dz.
—-1/2 u(z)

Note that here, the dimensionless parameter ¢ is the ratio b/a of the radilj-
the outer and inner cylinders. .

With the electrostatic energy in hand, we are halfway there. We still ne
an expression for the surface energy in the problem. But, we know that tA
energy is simply proportional to the change in surface area, and we already S§
how to compute this in Chapter 6. In terms of our nondimensional variab
we can write the surface energy as

1/2
Surface Energy = 27T La
~1/2

uy/1 + o?u2dz. (9

Here, the subscript on the u denotes differentiation with respect to 2,
dimensionless parameter o equals a/L, and T is the film tension.

Finally, forming the sum of our two energy expressions and dividing 9
27T La we obtain an energy functional for our system

E[u(z)] = /1/2 (u\/mz — W) dz.

—1/2
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Here, the dimensionless parameter A is given by

€0 V2
A= o (9.14)

This parameter measures the relative strengths of the electrostatic and surface
energies in our system. This function, E[u(z)], is not so far from other energy
functionals we’ve encountered in this book. It maps the shape of our surface,
u(z), to a real number denoting the energy of the system. As usual, we claim
that nature chooses the shape that makes this energy as small as possible.
Fortunately, this functional is in a form such that the Euler-Lagrange equation
introduced in Chapter 6 can be applied. Doing so, we find that u(z) satisfies

1+ 0%u? — ouu,, A
2,,2\3/2 2 (9.15)
(14 02u?) ulog®(d0/u)
plus the boundary conditions
u(1/2) = u(-1/2) = 1. (9.16)

Now, a complete and detailed analysis of Equations (9.15) and (9.16) is
beyond the scope of this book. These details are developed further in the
exercises and can be found in [93].3 Rather, here, let’s make a few observa-
tions about this model, about how it can be used, and why such a model is
important in self-assembly.

First, note that the left hand side of Equation (9.15) is actually the negative
of the mean curvature operator we encountered in Chapter 6. Hence, Equation
(9.15) can be rewritten as

-
“ ulog?(8/u) (6.17)
This is interesting to note because this represents a generalization of the
St.andard equation of constant mean curvature surfaces. In fact, Moulton calls
his surfaces field driven mean curvature surfaces. Self-assembly has given us
4 New and interesting problem in mathematics. More importantly, note that
g}lls fo.rllnulation has greatly simplified and clarified the parameter space of
€ original problem. Here, we find three nondimensional parameters, \, o,
?{Il.d 0. The parameter space of the original formulation was six dimensional.
th;tlvl this formulation we see that not every parameter independently effects
Shape of the surface. Rather, it is the ratio of groups of these parameters
ex:t ls‘ impprtant. Next, we can immediately see that there are two special
. t(it‘ tsolutxons to this problem. The first occurs when no voltage is applied;
Cylinl(lis.case the .surface assumes the shape of a catenoid. The second is a
g I‘ICZ}I splutmn, % = 1, tha.t oceurs .wh.en exactly the right voltage is
Obf- {e(i. This already begins t? give some insight into the control that can be
alned over surface shape via the application of an electric field. Further,
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using perturbation theory, these special solutions can be used to constry
approximations to nearby solutions. In this way Moulton was able to ansy
a rather interesting question. In particular, he knew that in the absencej
applied voltage, there was a critical value of o, such that the catenoid solut
disappeared when this critical value was passed. We saw this in Chaptepy
Moulton asked whether or not an applied voltage would allow one to gy

parameter. His analysis yielded an affirmative answer to this question, "
to obtain such surfaces, parameter values must be balanced very carefully
is unlikely that this parameter regime would be found by experiment alo
Further, through analysis of this model, Moulton was able to show that t .
are limits to what the applied field can do. He showed that as the voltagd
increased, the soap film begins to bulge outwards towards the outer electro l'
But, it does not continue to do so in a smooth way until it reaches the ouf
electrode. Instead, there is a critical value of the applied voltage beyond w hig
the soap film simply pops. Finally, we should note that Moulton has ca !
out several experiments with this and related systems. He has obtained g
agreement between his theory and experimental results. k

This type of model is important in self-assembly precisely because it b of
guide the experimenter through a large and treacherous terrain. To be trg
successful, models such as these must be tightly coupled to experimental
forts. The development of virtually every self-assembling system discusse
this book can benefit from models such as these. The models may not
the form of the model discussed here; energy minimization may not a '
or such an approach may be too difficult to be of use. But, tight coup}
between experimental efforts and theoretical efforts such as these proimis
help us push the boundaries of experimental self-assembly rapidly forwa

9.2.2 Modelling Helix Formation

In the cell, DNA naturally assumes a helical shape. This basic design
curs throughout nature. In Chapter 3, we saw that the secondary structl
of proteins consisted of a helices and 3 sheets. The a helix is, obviouf
another example of helix formation in nature. The /3 sheet is yet another®
ample, consisting of a sequence of helices lying side by side. Helix format®
in proteins is one restricted example of the general protein folding probi
discussed in Chapter 3. In this section, we consider a model due to Yeh®
Snir and Randall D. Kamien [126] that asks why the helix design is so pres
lent in nature. Basically they asked: Why do natural structures so frequer
self-assemble into a helix? !

Their model, while still in our class of physical models, is more abstr
than the model above. Rather than attempting to understand helix for®
tion in a particular protein, or other particular physical system, Snir &
Kamien attempted to find minimal conditions under which helix forma®
would occur. They began by considering a long cylindrical rod of radivh
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jmmersed in a solution. They also imagined that this solution contained some
concentration, n, of hard spheres of radius r. Next, they posited a simple
interaction mechanism between their spheres and their rod. They imagined
their rod was surrounded by an annular region that was inaccessible to the
hard spheres. Next, they considered the entropy of the spheres. If the inac-
cessible region were very large, the spheres would be confined to some small
region of space. In turn, this would imply that their entropy was low. If
this region were smaller, the spheres entropy would increase. Now, fixing
the excluded volume, they required that the system attempt to maximize the
entropy of the hard spheres. With the excluded volume fixed, the only way
entropy could increase was if the rod were to bend or fold. Folding resulted
in increased entropy because it created regions where the inaccessible annu-
Jar region overlapped itself. This reduced the inaccessible region seen by the
spheres and hence increased their entropy. But, there is a cost to this folding,
increased elastic energy. That is, it requires more elastic energy for the rod to
bend than for it to stay straight. They required that their system minimize
this elastic energy as well as maximize the entropy of the hard spheres. It was
a balance of these two that they speculated might lead to helix formation.
This balance of entropy and energy can be expressed in the free energy for
the system. For the Snir and Kamien system the total change in the free
energy due to bending of the rod is given by
AF = %Lz,,n"’ —nVp. (9.18)
Here, L is the length of the rod,  is the curvature of the rod in a helical
formation, [, is the persistence length and measures the stiffness of the rod,
n is the hard sphere concentration, and Vj is the reduction in the excluded
volume that occurs when the helical shape is assumed.
Notice that in their model, Snir and Kamien assumed a helical formation
fsr thg rod. A }'1elix has constant nonzero curvature, hence the x term in
quation (9.18) is a constant. This model could be generalized by allowing
the' rod to assume any shape. In this case the k% term would be replaced by
fm ll'ltegral of k2 over the length of the rod. Since the shape of the rod can be
iﬁIIl)tECIﬁed completely in terms of its curvature, this would turn Equation (9.18)
thGOSa functlonal,. mapping the rod e:.hape to the free energy. Unfortunately,
s Ellcond term in eq.latlon (9.18) is not so easi.ly' expressed as an integral.
o th;learéls tﬁlat there is no easy a'pproach to 'derlvmg a d'ifferential equation
aud re rlo Z ape. So, instead, Snir and Kamien t(?ok their cue from nature,
mang Si(l:e the unman.ageable space of all posmb'le rod shapes, with the
COmpgti&:' e Zpace of hellc.es. Also note that Equation (9.18) embodies the
s IIllon e;weep }(lela§t1c energy an.d_ sphere entropy dlscus§ed above. The
energ c(;ndt e right is always positive and captures the u}creas.e in free
negat? needed to bend tl.le rod. -The second term on the right is always
ve and captures the increase in entropy of the spheres that occurs when
€ overlap region becomes larger. This second term is also proportional to
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the concentration of hard spheres. As this concentration increases, a smg
change in the overlap volume results in a large change in the entropy of
particles. :

The difficult aspect of analyzing this model is in computing the overlap :
ume for a given rod configuration. Restricting attention to helices made §
task manageable, but numerical computations were still necessary. Perfog
ing these computations, the team then characterized their results in term#
three dimensionless parameters. The first dimensionless parameter, ¢ = P#
allowed them to specify their helix in terms of its pitch, P, and radius, R. H§
pitch of a helix is the distance between successive turns. The second dirng
sionless parameter, r/t, allowed them to characterize the relative size of‘:
hard spheres as compared to the radius of the rod. The final dimension
parameter, § = nr®/(l,/t), serves as a control parameter, allowing them}
compare a reference entropy with a reference energy. i

Now, if the paranieter 7/t is fixed, there is a single value of ¢ that maxim#
the overlap volume. Hence, ¢ may be regarded as a function of r/t. Numi
cally, the group computed this functional dependence and showed that as®
went to zero, ¢ tended towards a limiting value, ¢* &~ 2.5122. This meant t§§
for small spheres, a helix would form with this given pitch to radius raf
Remarkably, this ratio compared well with measured ratios found in he.‘
proteins, where the lower bound ¢ ~ 2 had been found. The group also plot§
0 as a function of r/t. This gave them a picture of the configuration spa el
the helix. For low values of 6, the tube forms a stretched helix, but as soj

threshold value is crossed, the helix collapses into a tightly wound spiral. §
To illustrate the role of lattice models and also to gain more insight VJ
the work of Snir and Kamien, let’s examine a simplified lattice model ve 8 E
of their energy-entropy helix formation system. To begin, we’ll constrj
our “rod” on a lattice like those discussed in Chapter 3. We can imagl
specifying the configuration of our rod by starting at the origin, picking
direction, moving one step in this direction, and then repeating the prog
At each step, we form an edge, or a bond. A sample rod is shown in Fig§
9.2. If we don’t allow our rod to fold back onto itself, this means that in;
first step we have four directions to choose from, but in subsequent steps, g§
three. We can specify our rod in terms of a vector ¥
m= [mo,ml,...,mN].
The first component of the vector, mo, takes the value 1, 2, 3, or 4, accOT®
as our initial step. We label a step in the positive z-direction by 1, in'$
positive y-direction by 2, and so on. The remaining components of the ve
take on one of three possible values, —1, 0, or 1. We label a step witi¥
turn by 0, a counterclockwise step by —1, and a clockwise step by 1.
we imagine that every time we bend our rod, or in this case take a
perpendicular to the last step, that it costs elastic energy. The total elad
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Bonds
Start at the origin
FIGURE 9.2: A bent rod in our lattice model.
energy of our rod can then be written as
N
Elastic Energy = « Z m? = amy,. (9.20)

i=1

Here, we have introduced the constant o to measure the magnitude of the
energy required for one bend. The constant my is simply the total number of
bends in our rod. Note that the direction of the bend does not matter, this is
why the m; are squared in the sum. Next, to capture the notion of excluded
volume, we define V; to be the number of empty lattice sites adjacent to our
straight rod, Figure 9.3. The reader may verify that for a rod with N + 1
b.Ollds, Vs = 2N +6. For a bent rod, we define V. to be the number of lattice
Sites adjacent to the rod. Hence, we can write an excluded volume energy as

OO00O00O0O0O0
OO0 000000
OO0O0OO00O0O0

N\

Empty circles are the excluded volume

F "
IGURE 9.3: The definition of excluded volume in the lattice model.
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Excluded Volume Energy = B(Vs — V.) = V(m). (9.4

Here, the parameter 3 may be thought of as a measure of the external
centration of hard spheres in our system. Our total energy is then
Bli] = amy — BV (). (o4

Note that this too is an energy functional. This time, it maps our shy
vector, 1, to the real number denoting the energy of the system. ,
Finding the shape assumed by our rod now reduces to computing E[r7]}
all rods of a given length, and then picking the one with least total ene
We illustrate with a simple example. If N = 1, we have rods consisting of g
two steps. Ignoring symmetries, there are only two possible rod shapes,?
straight rod, or the right angled rod. These are shown in Figure 9.4. T

0.9
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(s)y 4 o i
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Straight rod |
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0.1

o . . ' L A . .
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

FIGURE 9.4: A phase diagram for our lattice model, N = 1.

are specified by the vectors [1,0] and [1,1]. The energies are given by

E[[1,0] =0 @
E[[1,1])] =a-8. (94
Hence, we immediately see that if & > 3 the rod remains straight, Wh..:

a < f3, the rod bends. This lets us sketch the phase space shown in F
9.4.
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This lattice model, while easily grasped, suffers from a similar defect to
¢he model above. If N becomes large, the number of possible rod shapes, or
the size of the state space of the model, becomes enormous. This is a typical

roblem of models of self-assembly and one that is difficult to deal with.

The model of Snir and Kamien presents us with a nice example of a physical
model that seeks to capture the behavior of a class of self-assembling systems.
Their model provides good insight into minimal conditions for helix formation.
The fact that their model predicts a pitch to radius ratio that is in good accord
with experiment is remarkable. It illustrates the power of conceptually simple
models to capture the actual behavior of real physical systems.

9.2.3 Chemical Kinetics Models

In Chapter 6, we examined the self-assembling tiles of Hosokawa et al. At
the time, we noted that in their original paper, Hosokawa et al. presented a
mathematical model of their system. In this section we return to the Hosokawa
system and examine their modelling approach. We note that this model is
a physical model, but relies on certain abstractions. Particle collisions are
treated using chemical reaction kinetics; an assumption that may or may not
be valid. Further, while Hosokawa et al.only applied their model to their
self-assembling system, the basic approach is more widely applicable and has
been used and extended by other authors.

Recall that Hosokawa et al. designed a set of tiles with the intent of self-
assembling a simple finite cluster. In their first set of experiments, they en-
countered what they called reverse coupling. In their second set of experi-
ments, Hosokawa et al.constructed tiles that enabled them to overcome the
reverse coupling phenomenon of their first set. These tiles could exist in one of
four stable cluster types. These clusters are pictured in Figure 9.5. Denoting
these clusters by X;, as shown in the figure, Hosokawa et al.proceeded by
analogy with chemical kinetics and described cluster-cluster binding through
a set of four reaction equations

2X; — X
X1+ Xo — X3
X1+ X35 — Xy
2Xo — X4

(9.25)

Next, they captured the state of their system at time ¢ in the state vector
'i:(t) = [‘lL‘l (t)v xZ(t)a "L'S(t)a $4(t)]T

Here, T denotes the transpose so that # is actually a column vector, and
¢ Z; measure the amount of species X; at time t. Next, they formulated a
'Screte model for their system, based on reaction kinetics, and similar to the
Oltinuous reaction kinetic based models we have explored elsewhere in this

(9.26)
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text. In particular, they assumed their system evolved according to
Tt +1) = Z(t) + AP(Z(t)). (9

To understand this discrete dynamical system, let us proceed in two. st‘
For the moment, let’s ignore P, and focus on the matrix A. The matrix A

given by
-2-1-1 0
1-1 0-2
A=1 0 1-1 0
0 0 1 1

The components of this matrix come from the reaction equations. In partid

lar, the ijth component, a;;, is the number of X; in the jth reaction equatl

So, a11, is the number of X;’s appearing in the reaction equation

oX; —= X, (9-4

The minus sign reflects the fact that X; is used up .in this reaction, ld
it appears on the left hand side of the reaction equatlon.. Now, we neet_
return to P(Z(t)). Clearly, since it is to multiply the matrix A, P must t-
the vector 7 as input and return a column vector of the same length. Tha :
P is itself a 4 x 1 vector. Now, the vector P captures the rate at whlch'_
different reactions occur. Its jth component, P;, represents the probabili§
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the jth reaction occurs in the given time step. If we proceeded directly from
the Law of Mass Action, we’d find that

P(Z(t)) = k[z?, 22122, 221 23, z2)T (9.30)

where k is a rate constant for the reactions. But, this assumes that all reac-
tions occur at the same rate. That was clearly not what Hosokawa et al. had
observed in their experiments. Hence, they proposed a modified form for P,
pamely

. 1
P(Z(t)) = = [Py 23, 2Pty 2, 2Pby 0, 75, P27, (9.31)

Here, S is the total number of clusters of all types, and Pf; is the conditional
probability that a bond occurs between and X; and X j on the condition that
they collide.

Hosokawa et al. offered a simple geometric model for approximating the
PY;. The reader may find this calculation in [62]. At this point, Hosokawa et
al. turned to numerical simulation. Fortunately, their basic model is easy to
implement computationally. They compared their experimental results with
the output of their simulation. The agreement was not good. But, recall
that in Chapter 6 when we discussed the Hosokawa system, we noted that the
reaction

X1+ X3 — X4 (9.32)

hardly ever occurred. This observation did not accord with their calculated
value of Pf; ~ 0.188. So to more accurately reflect what was observed experi-
mentally, they set Pf; to zero. This time, their model did give good agreement
with their experimental results.

The model of Hosokawa et al. gives us another nice example of a theoretical
model closely coupled to experimental efforts. The experiment and analogy
with chemical kinetics suggested the form of the model. Experiment also
helped identify the values of parameters in the model. This is a common
and important form of feedback between theory and experiment. In a purely
theoretical effort, the unusually low value of PP; could not have been pre-
dicted, Yet, once the appropriate parameter values were uncovered, Hosokawa
€t al. could use their model with confidence to predict the behavior of systems
arger than those experimentally accessible.

924 The Waterbug Model

As our final example of a physical model, we discuss the Klavins’ Water-
bug Model first presented by Eric Klavins in [71]. This model aims at both
“apturing the behavior of and develops methods for control of self-assembling
SYstems. The model was motivated by the many different tile based systems
Ve examined in Chapter 6, as well as the simple Cheerios effect phenomenon
o Chapter 5. Klavins noted that this model, while formulated in terms of
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the capillary bond, could easily be adapted to systems that use magneg
electrostatic, or other forces as their binding force.

As the basic subunit, or particle, in his model, Klavins used a waterpg
This is simple cross-shaped structure reminiscent of the Reif group’s t;
from Chapter 8. The Klavins waterbug is shown in Figure 9.6. Note "

Hence, the complete state of the system is specified by the ¢;. It is convenient
to define

q=[q1,92,--,4n] (9.35)

and use g to denote the state of the system.

To model the dynamics of the system, again, an energy approach is useful.
Here, the idea is to derive an expression for the potential energy, an expres-
sion for the kinetic energy, and then to use Lagrangian dynamics to derive
equations of motion. In previous systems, we’ve minimized energy to derive
governing differential equations. In Lagrangian dynamics, we minimize the
action of the system. The action is defined as the difference between the total
kinetic and total potential energy in the system. The reader will find more
information on Lagrangian dynamics in the related reading section.

Feet radius R

Angle with axis is 6

/

7
Center located at
(x| Yi) o— 1 5
Rigid rods, length 2d 8
FIGURE 9.6: The geometry of the waterbug model. o——1—9
o

this particle consists of two equal length rigid rods joined at their cent
At the ends of each rod we find “feet.” These are buoyant particles wig
wettability can be controlled. As with the many tile systems of Chaptes
these waterbugs are constrained to live on a liquid surface. The meniscus ef§§
then creates attraction or repulsion between the feet of various waterby
Next, let’s sketch the derivation of the waterbug model. b

To capture the behavior of a system of n waterbugs, we begin by specify
the orientation and location of each particle. In particular, we define

q; = [xhyi»oi]- (9

The components z; and y; give the location of the center of the bug, }
component 6; gives the angle of its rotation from the z-axis. These coordin#
are shown in Figure 9.6. From the ¢;, the location of each foot of a given §
can be computed. We find

(a) (b)

FIGURE 9.7: Stable and unstable configurations in the waterbug model.
Type (a) is stable, type (b) is unstable.

The potential energy in this system is the sum of the pairwise potential
f all possible pairs of interacting particles. The potential energy between
Dar ticles ¢ and k is given by

4

4
w(gis k) = — Y D cizrKo(pllwi; — wil]). (9.36)

g=1. l=1

wi j = (i j,vi,5] (93

where w; ; gives the position of the ith foot on the jth tile. Note that the ¢
and v; ; are specified in terms of the g;. For example, u;1 = x; + d cos( !

Th]s e

xpression for the potential was derived by assuming that the feet inter-
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acted like spheres on the surface of a fluid. In Chapter 5, we saw that
force between such particles could be obtained approximately in terms of tj
modified Bessel function K. The potential energy can be expressed in te
of the gradient of the force, and the derivative of the modified Bessel funct;ig
K, is the negative of K;. This is the origin of the modified Bessel functig
Ko, in Equation (9.36). Note that the argument of the Bessel function is ]
distance between a pair of feet multiplied by the parameter p. The parag
eter p captures the difference in mass density between the particles and §
fluid.> The term c;jx; originates in the coefficient of the force we examine -i"
Chapter 5. Here, this coefficient is J

Cijkl = 27T’7Q”le (9_

The terms @;; and Qy; denote the wettability coefficient of the jth foot of #
ith tile and the Ith foot of the kth tile. Here, v denotes the surface tension]
the liquid on which the waterbugs float. It is also necessary to assume tH§
||w; j — wi,|| > 2R, where R is the radius of a foot. This assumption ensi
that feet are not touching. The total potential energy of the system can g
be expressed as

Ulg)= Y, (g ) (9-

1<i#k<n

We should note that there is an assumption here. We are assuming that §
total potential energy can be obtained by simply summing over pairwisé 1
teractions of the particles. This requires that the disturbance of the menisg
between particles 7 and j due to other particles is negligible. This assumptil
may or may not be valid in a given system, yet it is a common simplify:
assumption and serves to make the model tractable. 4
The kinetic energy is more easily obtained. The kinetic energy of a sif§
tile is
K; = 2@} + 9 + d°6)

and hence the total kinetic energy is given by

Here, m is the mass of a waterbug and dots denote differentiation with resp
to time. 3

Now, in the absence of friction, the equations of motion are obtained]
defining the Lagrangian as £L = K — U and applying the appropriate Euf
Lagrange equation. To include friction, the Lagrangian can be equated to
sum of the frictional forces and again the appropriate Euler-Lagrange equay
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FIGURE 9.8: An example of a defective waterbug assembly.
applied. Here, this yields
2. 8
8mi; + ) . U0 Q) = —4kyds (9.41)
k=1,k#i Li
29
8miji + 5o U(di ) = —4kyys (9.42)
k=1k#i <"
. 2009
8md*0+ 54, ax) = —4kd?d;. (9.43)

k=1k#i °

tufrxlnzlytically this mpdel .is intr'actable. To study the behavior, Klavins
tione towards numerical simulation. But, one additional modelling assump-
e CV(&)'as necessary. As formulate(.i, the model does not prevent or account for
Sllmednt}?(:t of feet. In order to simulate this model numerically, Klavins as-
they o t zlit when two feet made. contacF, they became the same foot. That is,
il fver apped. Further, the singularity in the potential energy that occurs
ﬂumer'eetl rr.lade C(?ntact was smoothed for numerical purposes. We note that
onle 4Z)Ca. Slr'nulatlons of this system are not trivial. Computations involving
euwater;zrtlcles (‘iololcti.several hours. Nevertheless, in numerical simulations,
i ug model did appear to capture the approprlate\sElf-assembly dy-
Walfelibl\)/lllns w}ixs able to ana,llytica.lly .investi.gate the stability of assemblies of
o thgi that formed during h1§ sxrr'lulat.lons. In particular, he was able to
esery) a 'the.assembly of two tiles in Figure 9.7 (a) was stable, while the
nbly in Figure 9.7 (b) was not. Similar results could be obtained for
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systems of more than two tiles. But, the original intent of the model wag §
simply to investigate how waterbug tiles self-assembled, but to investig
how dynamic control over the wettability of the waterbug feet could trangj
into control over the self-assembling system. To study this, Klavins peg
two problems. The first problem was to use the control over wettabilitg
eliminate defects in a given self-assembled structure. An example of sugf
defect is shown in Figure 9.8. The second problem was to use the cop
over wettability to build finite structures. This is reminiscent of the proh§
posed by Hosokawa et al. who wanted to build stable structures consisting
only four particles. Klavins showed that standard ideas from control thq
could be applied to this problem. In particular, he exhibited an open-loog
controller that specified the wettability of individual feet as time evolved.
could be used to eliminate a certain class of defects. Similarly, he exhibite§
control scheme that allowed the construction of certain finite structures. |

The Klavins waterbug model illustrates how a theoretical framework
help aid in the development of future self-assembling systems. In develop
a relatively flexible model, Klavins was able to provide experimentalistsé ;
a platform to test and develop control schemes before costly experime
were conducted. It also illustrates some of the difficulties with theoretif
approaches to self-assembly. In particular, even relatively simple models'g
quickly become analytically intractable and computationally challenging.’}

9.3 Abstract Models

In this section, we present three models that are abstracted from the g
eral behavior of self-assembling systems. These models are representaf
examples of this approach. We refer the reader to [2, 3, 102, 123, 132,
information on similar abstract approaches to modelling self-assembly.

9.3.1 Conformational Switching p

In Chapter 3, we learned that proteins can assume different conformatiof
For example, in examining the tobacco mosaic virus, we saw how interac 8
with RNA could induce washer shaped protein subunits to switch to a lof
washer conformation. In this new conformation, lock washers could bil
together and ultimately form the complete viral unit. This is a typical exam§
of a conformational switch in self-assembly; in one conformation a partiC_l
unable to bind, but once it switches to a new state, binding becomes possiig

The first abstract model we’ll consider is a model developed by Kazub:
Saitou and Mark J. Jakiela [112, 113, 114] that attempts to clarify the encod®
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ower of conformational switches. In particular, Saitou and Jakiela addressed
the yield problem in self-assembly. They realized that a self-assembly process
could be viewed as a sequence of small steps. This sequence, their subassembly
SEqUETICE, dictated the final structures that were formed. Saitou and Jakiela
wanted to know if particles capable of switching between different conforma-
tions could be used to encode for a particular subassembly sequence. In turn,
if the subassembly sequence could be specified and unproductive sequences
ruled out, they speculated that perhaps this would increase the yield of the
final product.

First, to understand how a conformational switch might encode a subassem-
ply sequence, let’s consider a highly simplified situation. Imagine we have a
gystem consisting of a mixture of three particle types. We’ll label these A, B,
and C. Let’s picture our particles as squares and imagine that each particle
has certain bond sites on its surface. We’ll take our first set of particles to
be as shown in Figure 9.9. Here, we’ll use the same notation for bond sites

SRE

FIGURE 9.9: Particles and bonds for our first look at conformation switch-
ing.

that we did in discussing the DNA tiles of Chapter 8. In this system, that
means that A can bond to B on the left and that C can bond to B on the
right. Note that B cannot bond to itself, it can only bond to a matching site
On a complementary particle. The same is true for A and C. Now, imagine
that we have a large bag containing an equal mixture of these three tile types.
At each time step, we’ll reach into the bag, randomly grab two particles or
clllsters, pull them out, and if they can be bound, we’ll bind them. We then
Teturn either the particles or the bound cluster to the bag and repeat the pro-
Ee§s- With the three particle types of Figure 9.9, it is clear that if we repeat
his process long enough, we’ll be left with a bag of ABC clusters. But, in
EOIlstructing these clusters, there are two possible subassembly sequences. We
an envision these as reactions. In particular,

A+ B — AB
B +C — BC
AB + C — ABC
A+ BC — ABC.

(9.44)
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This means that we can get to the ABC clusters by either first forming a g
and then adding an A, or by first forming an AB and then adding a C'. Thg
is no preferred subassembly route. '

To conveniently represent subassembly sequences, Saitou and Jakielg
troduced the following notation. We write a complete subassembly sequey
using parenthesis, at each step in the process placing a set of parenthy
around a completed subassembly. So, the subassembly sequences above wi#
be denoted (A(BC)) and ((AB)C). Working our way inwards from the out
most pair of parenthesis, we recover the subassembly sequence in reverse. 4
(A(BC)) denotes the sequence where BC formed first and an A was add
while ((AB)C) denotes the sequence where AB formed first and a C
added. A second way of viewing possible assembly sequences of a compig
collection of particles was also introduced. In this notation, we form a
as shown in Figure 9.10. Here, we begin in the top bin with a set of o

)

| ABC |

/ N

| (AB)C | | A@BC) | -~

| |

| (AB)C) | | (A(BC)) |

FIGURE 9.10: Tree notation for representing assembly sequences.

three particles, A, B, and C. We then follow the arrows downwards throt

each possible assembly sequence. In either case we arrive at the end prodi
ABC. .
Whatever our notation, it is clear that in the particle system of Figure
all subassembly sequences are equally likely. We can create a preferred To}
or preferred assembly sequence by introducing a conformational switCh-“
particular, we introduce a switch in the B particles. The type of switch
use was called a minus device by Saitou and Jakiela. A mechanical vers§
of the switch is pictured in Figure 9.11. The binding sites on the newg
particle are as before, but jutting out from the sides of the particle are P
rods that can act to restrict binding. If a C particle attempts to bind wit
the push rod will prevent this binding. On the other hand, if an A partié
attempts to bind with B on the left, it will be able to push the push. .
inwards and complete the bond. When this happens, the interior block slid
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Push rod

N

F- Push rod

¥

FIGURE 9.11: A mechanical conformational switch. The push rod on the
left moves when an A particle attempts to bind. This pushes the center block
downwards, freeing the right side for binding with a C' particle.

downward, this frees the right hand push rod and makes the right hand bond
site accessible. When an A binds with B and frees the right hand bond site, we
say that B has switched its conformation. We denote this new conformation

by B’. In our new system, the set of possible reactions is restricted. In
particular, we have

A+ B — AB’
AB' + C — AB'C.

(9.45)

This means that only one subassembly sequence is possible, the sequence
denoted by ((AB)C). The introduction of a conformational switch has allowed
Us to encode for a particular subassembly sequence.

A But, how does this affect the yield of the process? In our ABC examples
Itis not easy to see this effect. In fact, there are two different ways that
the presence of a conformational switch can effect the yield of a particular
self-assembly process. To understand the first way, consider the two systems
shown in Figure 9.12. In either case, imagine that our goal is to assemble an
;%C complex. In this case, that would result in a complete square. In Figure
t}.le f(a.), t.he bond‘s1tes for both the B and C particles are exposed. Hence,

ollowing reactions can occur

A+ B — AB
AB + C — ABC
A+ C — AC.

(9.46)

:(:i‘ that hert?, once an AC complex has formed, there is no pathway lead-
( (ABO the desired end product. That is, there are two assembly sequences,
i I)C' ) f&md (AC). The first leads to the desired product, the second does

- In Figure 9.12, we have the same system, but the A particle now has a
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A
<]
(@
<]
A

(b)

FIGURE 9.12: An example illustrating the effect of conformational swif
ing on yield. In (a), the C' particle can bind first, blocking the B particlesj
(b), the bond site for C' is unavailable until the AB bond has been made}

conformational switch. The bond site for C' particles is not exposed 5_»
B particle binds first. The possible reactions for this system are

A+B— A'B
AB+C— A'BC

and the only assembly sequence is ((A’B)C). The presence of the conforf
tional switch prevents particles from getting trapped in the AC configurak
and thereby increases the yield. 3

Saitou and Jakiela actually focused on the second way a conformatidl
switch can effect they yield of an assembly process. To understand this efi¢
imagine we have a simple two particle system consisting of particle type®
and B. This time, we imagine that A’s can bond to B’s from the left &
hence the only reaction in the system is '

A+B— AB. (94

We'll also imagine that our target complex is the AB complex. But, in .
process, imagine that we have a large concentration of A’s and a small cond
tration of B’s. This implies that the number of favorable reactions occurrs
in the system will be very small. If we again imagine our particles D€l
drawn from a large bag a pair at a time, most of the time we’ll draw a P§
of A’s and return them to the bag with no bond being formed. This me®
that when stopped at some finite time, the yield of our process will be
low. Now, imagine we introduce a conformational switch. We’ll let the 4
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pond with one another pairwise in the reaction
A+A— AA. (9.49)

The right hand A particle has switched to the conformation A’. This new
conformation allows the A’ to detach from the A when a bond with a B
article is formed. That is, the information about the bonding of B is prop-
agated through the A’ particle and delivered to the A particle. Saitou and
Jakiela called this type of conformational switch a plus device. Here, this is
represented by the reaction

AA'"+B — A+ AB. (9.50)

We also imagine that once an AB is formed no further bonding is possible.
Now, if we start with a high concentration of A’s and a small concentration of
B’s, the concentration of A’s will be rapidly reduced as AA’ complexes form.
This has the effect of increasing the frequency of reactions involving B and
hence increasing the yield of the process.

Having seen the power of the conformational switch, let’s consider a four
particle system. We’ll label our particles A, B, C, and D and allow the
following reactions to occur

A+ B— AB
B+ C— BC
C+D—CD
AB + C — ABC
ABC + D — ABCD
B+ CD — BCD
A+ BCD — ABCD
AB + CD — ABCD.

(9.51)

Our target structure will be ABCD; there are five possible assembly se-
duences. They are: (((AB)C)D), ((AB)(CD)), (A((BC)D)), (A(B(CD))),
and ((A(BC))D). In the first system we considered, the ABC system, we
CO_Uld use the minus device to encode for any assembly sequence. However, in
this four particle system, Saitou and Jakiela realized that the minus device
}Vas hot powerful enough to encode for all of the different assembly sequences.
" Particular, they realized that ((A(BC))D) and (A((BC)D)) were unencod-
able, ng matter how many conformational switches of the minus device type
g’el‘e used. Further, by simulating the set of reactions above numerically they
% Served that these unencodable sequences were among the highest yielding

Quences in the system. In order to be able to encode these sequences using
fonformational switches, Saitou and Jakiela had to use both plus and mi-

2‘13 devices. With this combination, any of the assembly sequences could be
Ncoded.
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But, now the general question remains. Suppose we have n labelled Do
cles and we let them interact pairwise following the trend above. This qujc$
leads to enormous reaction sets and numerous assembly sequences. In exgs
ining the cases n = 3 and n = 4, Saitou and Jakiela had showed that thi
two conformational switch types were sufficient to encode for any assem]
sequence. But what about the general case? Saitou and Jakiela focused
two major questions: L

1. If we're given an assembly sequence can we tell whether or not it
be encoded using only minus devices? Or, some combination of mn &
and plus devices? '

encode the given assembly sequence?

Note that this sécond question was motivated by the four particle sys
In order to encode the sequences ((A(BC))D) and (A((BC)D)) they had
use two types of switches. In addition, they had to use particles that can
both plus and minus device switches. These particles had more than
different conformations. Hence, if a combination of plus and minus devi§
was to be used, they had to allow for the possibility of particles with
conformations. _

To answer these questions, Saitou and Jakiela defined a one-dimenst ot
self-assembling automaton (SA). That is, they set up a formal structure, tyj
cal of those used in theoretical computer science, such that within the cont@
of this structure they could answer the questions posed above. In their mo d
an (SA) was defined to be a pair M = (£, R), where ¥ was a finite set of co§
ponents and R was a finite set of assembly rules. The assembly rules
of two forms. The first, was an attaching rule that abstracted the notion
minus devices. In particular, attaching rules were rules of the form

a® + b — a'b’.

Here, the a and b are particle labels, and the exponents track the conformatX
of the given particle. The second rule was a propagation rule abstracted ;
the notion of plus devices. These rules were of the form

a®’® — ab°.

Once this structure was in place, Saitou and Jakiela were able to classify S1
based on the presence of different rule types. They were able to prove tha$
both rule types were allowed any assembly sequence could be encoded ust
only three conformations per particle. The reader is referred to [112, 113, 1
for details of the proofs of these results. |
The work of Saitou and Jakiela nicely illustrates the role of the abstr®
model in self-assembly. Their model was not based on any particular physi€
system, but rather on the basic notion of conformational switching seen’§

Models of Self-Assembly 237
pany self-assembling systems. With this type of model Saitou and Jakiela
were able to ask and answer “What is possible?” type questions. Note that
without this formal structure, little progress can be made with these questions.
It is hard to imagine how within the context of one specific experimental
system, questions such as these could be addressed. On the other hand,
models such as this are always open to the criticism that they abstract too
much. That too much of the real world is left out for the model to be able to
pe useful in designing any real world self-assembling system. The challenge
i to bridge that gap, using the power of the abstract approach, but adding
enough of the complexity of the real world to make such an approach useful
in system design.

9.3.2 Graph Grammars

In Chapter 7, we discussed the dynamic self-assembling robotic tiles built
by the Klavins’ group. We noted that the tiles relied upon a graph grammar in
order to make binding decisions. In this section, we’ll examine this basic graph
grammar approach as developed by Klavins and his collaborators [72, 73].

While the graph grammar approach incorporates the idea of conforma-
tional switching, it is aimed at different questions than the model of Saitou
and Jakiela. To understand the questions addressed by the graph grammar
approach, let’s re-consider the simple self-assembling system we began with
above. In particular, we’ll again assume we have an equal mixture of three
particle types, A, B, and C, and that they bind according to the reactions
given in Equations (9.45). Now, above we assumed the complex ABC was
our target structure. But, this time, let’s imagine that we have two target
structures, AB and CC. The first of these, AB, does occur during the as-
sembly process. If we stopped the process at some finite time, we can expect
to find some percentage of our particles in the AB state. But, the longer the
Process continues, the less of these particles we will find. Eventually, given
enough time, all AB particles will bind with C’s and form ABC complexes.
Klavins et al. called structures like these unstable. This reflects the fact that
these structures do not persist for all time. In contrast, structures like ABC
are called stable. Once they form, no further change is possible. Our second
ta.rget structure, CC, is an example of what Klavins et al. called unreachable.

ven the particles and the binding interactions, there is no assembly process
that will lead to the CC structure. Structures such as ABC , AB, or BC, are
"eachable structures within this system.
tu;rhe graph grammar mod.el is focused on these stable and reachable struc-

es. Notice that the notion of a reachable structure is equivalent to the
O'ward problem in self-assembly. The forward problem asks: Given a set of
Particles and a set of binding rules, what structures can form? In the lan-
g?“ige of the graph grammar model: Given a set of particles and a set of
Olnding rules, what structures are reachable? A characterization of the set
reachable structures is one aspect of the graph grammar model. Klavins
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et al. also focused on the backward problem in self-assembly. In the langys
of the graph grammar model they asked: How can a set of binding rules §
constructed to ensure that a desired target is reachable? To this they adg
the notion of stable structures. This is an aspect of the yield problem in ggf
assembly. By focusing on stable structures, Klavins et al. not only wantedy
ensure that a target was reachable, but that target structures would app4
once the assembly process was complete. In combining the questions abg
reachable and stable structures, Klavins et al. actually asked the very specfl
question: Is it possible to design a set of binding rules such that a desig
target structure is the only stable element in the reachable set for the sys
To address this question, Klavins et al. worked within the context of
mathematical structure known as a graph grammar. A graph is simp
collection of vertices and edges. We encountered graphs in Chapter 6 wig
we studied the folding system of Griffith. If each vertex is given a name, :
have a labelled graph. Formally, we say that a labelled graph, G, over
alphabet ¥, is a triple, G = (V, E,l), where V is a set of vertices, E is al
of edges, and [ is a labelling function. This function maps the vertices is
to the alphabet, . That is, the labelling function gives each vertex a nai
Throughout the remainder of this section, when we use the term graph, ¥
mean a labelled graph.
Now, to build a graph grammar, we need to attach a rule set to our gra
G. The rule set simply describes what we usually think of as binding rules‘s
conformational changes for a self-assembling system. As an easy example,
develop a graph representation and a rule set for a simple system of partid
We imagine that we have one type of particle that can be in any one of tH
conformations. This means we need three letters in our alphabet, we'll{
a, b, and c. To be concrete, let’s assume that we start with eight part. L
all in conformation a. Each individual particle is identified by a vertex 8
labelled by a letter from our alphabet. Our initial setup is pictured in Fig§
9.13. Note that initially our graph has no edges, only labelled vertices. :
rule set captures how this graph evolves during an assembly process. £ g
example, consider the rule set, denoted ®, defined by

a a—b—0»
a b—b-—c

b b—c—ec

The first rule says that a pair of vertices, each with label a, may be replag
by a pair of vertices, each with label b, and connected by an edge. The secd
and third rules are similar. These are examples of constructive rules.*8
the context of self-assembly, we are taking a pair of particles, creating a b
between them, and in the case of the rules above, changing their conformat®
The action of this rule set on our initial graph is shown in Figure 9.13.

Notice that unlike the model of Saitou and Jakiela, here rules need
be applied one at a time. Rather, an assembly sequence is valid if o8

Models of Self-Assembly 239
a a b—b
a
a a — b—b a
. b—b a
Go l G1
b—c¢c—c—b
b—c—b
c—ec [ —
R R
G 0 c—c
G3 G2

FIGURE 9.13: An example of an assembly sequence in the graph grammar
model. Arrows indicate the direction of time.

application of the rule set to the graph at step i, G;, produces the graph at
step i+ 1, Gi41. In Figure 9.13, we also see elements of the reachable set. Any
structure that appears as we follow the arrows in the figure is, by definition,
reachable. However, not all of these reachable structures are stable. We see
that single particle pairings or chains of such particles are unstable. Only the
closed loop of four ¢ type particles is a stable structure. If you examine this
SFructllre and the rule set ®, you'll see that no ¢’s appear on the left hand
side of any rules. Hence, no changes to this structure are possible and it must
be stable.

Now, rules need not be constructive and they need not be limited to acting
On only two vertices. We can have destructive rules, for example

b — b — a a (9.55)
Or relabelling rules such as
b—b—a-—c (9.56)
We can also have rules such as
c—c—c—c—a—c (9.57)

t

t(})]at act on larger components of our graph. Putting the rules and graphs
. gth(?r, Klavins et al. defined their graph assembly system as the pair (Gg, ®)
Onisisting of an initial graph, G, and a rule set ®.
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Drawing on classical topological techniques, Klavins et al. were able to chg
acterize the set of reachable structures and stable structures for their grag
assembly system. More importantly, they were able to exhibit an algorith
that allowed them to construct a rule set ® such that a given graph G cong
tuted the entire reachable set for their graph assembly system. This argumeg
also allowed them to find an algorithm that allowed them to construct a ryg
set ® such that a given graph G constituted the entire stable set for thg
graph assembly system. Note that these algorithms are constructive. ;
their input they take a graph G and as their output they return a rule se 3
and a labelling function, . The reader is referred to [72] for proofs of the
results. A

In some ways, the graph grammar approach of Klavins et al.is simplg
generalization of the model of Saitou and Jakiela. However, it is an impg
tant generalization as it captures features of self-assembly not captured }
the Saitou and Jakiela model. Additionally, it provides a constructive s ‘
tion to an instance of the backward problem of self-assembly. Further, :
graph grammar model has been implemented in the Klavins self-assemblj
robotic system. Tt serves as a language that allows the robotic particlesy
make decisions about binding and unbinding. Unfortunately, the model
its limitations. In particular, it does not account for geometry. Particles'.
treated abstractly as vertices with labels and there is no way to capture §
geometric configuration of a given set of particles. Also, the algorithms de_'
oped by Klavins et al. can lead to rule sets that are not physically realizalg
There is no way to prevent this within the context of the model. As withi
such abstract models, the next step is to bring the model closer to physi
reality.

9.3.3 The Tile Assembly Model

The Tile Assembly Model was introduced by Erik Winfree and developed
Winfree and his collaborators in [140, 141, 142, 107|. This important mae
links computation and self-assembly. As we saw in Chapter 8, by exploith
this link Winfree et al. were able to self-assemble a Sierpinski Gasket usé
DNA tiles. This link is the most promising route to programmed self-assem#
available today.

To understand this connection between computation and self-assembly:
need to introduce two concepts, the Turing Machine and Wang Tiles. B
notion of a Turing Machine allows us to think about computation abstract
i.e., divorced from any particular computer architecture or platform.
notion of Wang Tiles connects computation to arrays of tiles. The Tile A
sembly Model marries the notion of Wang Tiles to the notion of self-assemti
thereby completing the connection to computation. _'

The Turing Machine was introduced by the mathematician Alan Tur®
in 1936 as a way of defining computation and as a tool for exploring %
computability of objects. With this definition Turing formalized the quest ‘(
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raised by David Hilbert in 1900, that is, whether it was possible or not to
decide whether a given mathematical statement could be proved. In answer-
ing Hilbert’s question, Turing also launched the field of theoretical computer
science and provided its most powerful model.

A Turing Machine can be visualized as follows. Imagine we have an infinitely
Jong tape that is subdivided into equal size squares. Each square can either
pe left blank, or can contain a zero or a one. Hovering over one square of
the tape is a read-write head. This read-write head can erase a symbol, write
a symbol, and advance the tape one square in either direction. The read-
write head makes decisions about whether to read, write, or erase based on
its internal state. The head has a finite number of states and a look-up table
that dictates how it should behave once it reads the tape. That is, the head
reads the value from the square below, checks its state, decides what its new
state should be, what should be written in the square below, and how the tape
should be advanced. The machine then executes this instruction and repeats.
Usually we specify a special halting state where the Turing Machine stops all
operation.

This definition of a Turing Machine can be made precise. It is typical to
define a Turing Machine as a quintiple (S, A, N, sq, F'), where S is the finite
set of available states, Ar is the tape alphabet, N is a transition function that
tells the machine how to respond to a given input, s is the initial state, and
F is the set of halting states. ,

Whether we proceed formally or not, the important fact to remember about
Turing Machines is that they provide a model of computation. Furthermore,
this model is universal. Turing was able to show that there existed a Universal
Turing Machine that could simulate any other Turing machine. This implies
that any computing process that can be simulated by a Turing Machine can in
fact be simulated by one machine, the Universal Turing Machine. One caveat
- ther'e are other possible models of computation. The famous Church-Turing
Thesis lets us sidestep this complication. This thesis states that all sufficiently
complex models of computation are equivalent. Hence, to study computation
We need only study Turing Machines, and to study Turing Machines we need
only study the Universal Turing Machine.

N()\'IV, suppose we have a model that we think is capable of simulating com-
i’(;lt:tij)n.. In order Fo prove tbis, we simply need to prove that it is equivalent
Illodel ;le;rsgl Tt(l;lpg Ma;chme, or more simply, we need to show that our
g8 11 uring Universal. One such model was proposed by Hao Wang in

[ 36] In [136], he introduced what have become known as Wang Tiles.
ig::{r;et;)lelsélcar;‘ be vis_ualized as a §et of square tiles colored or shaded as in
Copi of each were avalable. Using these £los, b then scked if they cout
ot e B. s gl ese tiles, he then asked if they could
il ¢ p‘ ne. But, in placing each tile, one had to observe the
. colored sides of adjacent tiles had to match. For example, the first

t .
e;lf? n t.he figure could be placed below a copy of the second tile, but nowhere
Se. Tiles were not allowed to be rotated.
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Profile - Erik Winfree 4

Erik Winfree is the architect of the Tile Assembly Model. With hj
troduction of this model in 1998, Winfree showed that not only wag
assembly equivalent to computation, but that implementing computatic
self-assembly was practical. His method for constructing computing §
assembling tiles opened the door to the world of programmable self-assey
This promises to usher in a new era of self-assembled, atomically preg
highly structured nanomaterials. :

Fully embracing the interdisciplinary nature of self-assembly, Winfreg
not only made seminal contributions to theoretical self-assembly, but to e
imental self-assembly as well. In conjunction with Nadrian C. Seeman,
free demonstrated that DNA tiles could self-assemble into ordered pet§
structures. A few years later, this time working with Paul W.K. Rothe -.’
Winfree fabricated a Sierpinski Gasket from DNA tiles, thereby demonsl
ing that the full promise of the Tile Assembly Model could be realized e
imentally. For this work, Rothemund and Winfree shared the 2006 Fore#
Institute’s Feynman Prize for Nanotechnology — capturing the prize in'§

the experimental and theoretical categories.

In a recent conversation, Winfree shared his thoughts on the blind “
facing researchers in self-assembly today. He writes:

i
This is one blind spot: many researchers look at information and ¥
algorithms and can only see data processing programs running on’s
conventional electronic computers — they don’t see that information i §
and algorithms are intrinsic to the behavior of molecular systems @
and that understanding this aspect of molecular behavior is key to
fully exploiting what molecules can be designed to do. Or they do:#
see that, but they don'’t yet see that it is no longer just the realm |
of science fiction. ;

Winfree was trained as a mathematician and a computer scientist. 4
received an undergraduate degree in mathematics from the Universif]
Chicago and a Ph.D. in Computation and Neural Systems from the Califd)
Institute of Technology. He is the recipient of numerous prizes and aw§
including a MacArthur Fellowship and a PECASE award from the Nati
Science Foundation. In 1999, MIT’s Technology Review named Winfreeg
of their “Top 100 Young Innovators.”

Presently, Winfree is an associate professor of computer science at the §
ifornia Institute of Technology. He currently leads several research effor§
the areas of DNA self-assembly, DNA computing, the study of gene reg‘dla
networks, and DNA and RNA folding. ‘
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In his original paper, Wang conjectured that any set of tiles that could
pe placed so that they tiled the plane, did so periodically. In 1966, Robert
Berger constructed a set of Wang tiles that tiled the plane, but aperiodically.
At this time, it had already been shown that any Turing machine could be
represented in terms of Wang tiles. By providing an example of an aperiodic
wang tiling, Berger showed that the tiling question of Wang was the same
as the halting question in the theory of Turing Machines. This crucial result
established that Wang tiles were in fact Turing Universal.

FIGURE 9.14: A set of four Wang tiles. Tiles must remain oriented as
shown and can only be placed next to tiles if the edge colors match.

The crucial insight of Winfree was to realize that the colors on Wang tiles
could be replaced by specific binding rules. But, binding rules meant self-
assembly and that meant that tile based self-assembly could compute. In
the other direction, this meant that tiles could be designed to produce pro-
8rammed structures. Fully programmable self-assembly was possible.

.Winfree did more than simply establish this result theoretically. With his
ile Assembly Model, Winfree showed how to construct tiles capable of com-
Putation via self-assembly that were physically realizable. The DNA tile sys-
tf*ms of Chapter 8 are the most prominent examples of this construction. To
S.I)e(/ify the Tile Assembly Model, Winfree first needed to adapt Wang’s no-
Fl()n of a tile. This was straightforward; a tile in the Tile Assembly Model
s a Wang tile, but one described in the language of self-assembly. Instead
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These tiles provide a nucleating center around which other tiles can grow and
compute. The tiles with the 1 and the 0 are called rule tiles. These are the
tiles that actually perform computation in the Tile Assembly Model.

Now, notice that in the Tile Assembly Model, tiles don’t simply bond, they
do so with a particular strength. By introducing this notion of bond strength,
Winfree was also able to introduce the notion of temperature into the Tile
Assembly Model. Suppose we denote the temperature of the system by 7.
We can now restrict possible binding interactions by only allowing a tile to
bind to the assembly if the sum of the bond strengths it makes with that
assembly exceeds or equals the temperature, 7. For example, suppose we set
7 = 1 and we start with an L tile. Then, any tile that can match bond sites
with the L tile can join the assembly. However, if we take 7 = 2, the growth
is more restrictive. Initially the only tile that can join the L tile is an S tile;
it’s the only one capable of making a strength two bond. But, as the assembly
grows we begin to encounter sites were a tile labelled 1 or 0 can make two
bonds in joining the assembly. Since the sum of the bond strengths made by
such tiles is now greater than or equal to the temperature, they are allowed
to join. This type of bonding is called cooperative bonding. An example of
a growing structure with temperature 7 = 2 is shown in Figure 9.16. This

of thinking of a tile as having colors, Winfree thought of his tiles in terms g
binding domains. A tile in the Tile Assembly Model is a unit square with
belled edges and just like Wang tiles, these tiles cannot be rotated. The
of these tiles possess bond sites on their four sides, and it is by matching bq
sites that tiles can assemble.
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FIGURE 9.15: Tiles in the Tile Assembly Model. Small characters dend z g , z z ‘
binding sites, large characters specify tile type, and edge thickness indica L L L L j
bond strength.

A simple set of seven tiles is shown in Figure 9.15. Note that each t1i€
labelled in three ways, a large character in the center, small characters fiIO
the edges, and by edge colors. The small characters represe:-nt the ,dlffe,
types of binding sites. In this set, ¢’s can bind to ¢’s, 1's can bind to 1’s an{
forth. The edge colors indicate the strength of these possible .bonds.. The ;
edges denote binding sites that have zero strength. The slng.le l.med ‘
denote binding sites that have strength one. The double lines }ndlcate g
with strength two. The large characters in the center of each tile are us o
denote tile type. The tiles with the L, R, and S are called nucleating 4

FIGURE 9.16: A sample configuration of tiles in the Tile Assembly Model.
ere, the temperature, 7 = 2.

SFI'UCtllre began with a single L tile, added an S tile to the right, added an R
tile above the S, and then finally, a 1 could bind in the corner.

7o relate this growing structure to computation, we interpret the rows in
Fhe structure, read from the bottom up, as output bit strings. Computation
'S performed on these bit strings by the tiles labelled 1 and 0 in the same way
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as computation was performed by the Rothemund system of Chapter 6,
lower and right edges of the 1 and 0 tiles serve as inputs. In matching bq
sites on the growing structure, these edges are taking two tiles as input jg
a computation. The upper and left edges of the 1 and 0 tiles serve ag
output. These output surfaces are exposed and available to serve as input g
the next step of the computation. 4

Now, as with previous systems we’ve encountered, the Tile Assembly Mod
can be formally defined. In particular, a tile system, 7', may be defineds
a quadruple, (7,S,g,7), where T is the set of tiles, S is a set of T-stals
seed assemblies, g is the strength function, and 7 is the temperature. Heg
the strength function, g, simply makes precise the notion of summing bq
strengths, and the definition of 7-stable makes precise the notion of assemb
forming constrained by the temperature of the system. Within this mog
self-assembly is a means of going from one configuration of a tile system§
another configuration. A tile may be added to a configuration if the res -:
still T-stable; that is, tiles must satisfy the temperature rules outlined abg

Within the context of the Tile Assembly Model, Winfree and his collabag
tors have been able to answer a wide range of questions. Here, we’ll descrf
just one of these results. The reader is referred to [107, 140, 141, 142] ]
other related results.

In [107] Rothemund and Winfree sought to study the complexity of 3€
assembly. Recall that in Chapter 5, we introduced the notion of Kolmogo#
complexity. We defined this measure of complexity for bit strings and loos
said that the complexity of a bit string was the length of the shortest compu#
program needed to produce that string. As an example, we considered strit
of magnetic cubes created by self-assembly. If we started with cubes of
colors, one containing two north faces, the other two south faces, and label L
these by 1 and 0 respectively, we produced strings that looked like 0101018
That is, we produced an alternating colored string of cubes. If we started v
eight cubes, four of each type, we would produce this result exactly. Since @
assemblies were not oriented we treated this string and the string 10101
as identical. In terms of the Kolmogorov program length definition, we co¥
compute the complexity of this string. But, we can also relate this not
of complexity to our self-assembling system. The method of Winfree et ali
simply to count the number of distinct particle types needed to uniquely 4

the number of distinct particle types needed to guarantee that this object
the unique result of the self-assembly process. In this example, the complexs
would be 2. We are able to assemble a string of alternating colored cubes usy
only two distinct particle types.

A less trivial question asks: What is the complexity of a self-assembled
N square?® The step from one dimension to two dimensions is large. Not#
that for our alternating colored cube example, the complexity of assembly ¥
2, independent of the length of the target object. It takes two particle types-3
assemble an alternating colored chain of length 8 or of length 800. This S€
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assembling system is not very complex. But, to guarantee that we assemble
a square and nothing else requires a more complex system. If you think back
to the many tile assembly systems of Chapter 6, you'll realize that none of
them are capable of this task. Winfree et al. proved that the complexity of
an N x N square was N? for systems with temperature 7 = 1. From the
discussion of temperature above, we see that in the 7 = 1 case, bonding is
not cooperative. A tile either bonds using one edge, or it cannot bond at all.
When 7 = 2, Winfree et al. proved that the complexity dramatically decreased
to O(log(N)).” In this case, the bonding is cooperative. Tiles can bond either
by activating a bond site of strength two, or by activating two bonds sites of
strength one. That is, two particles already in the assembly could cooperate
to add this new particle.

The Tile Assembly Model is an important abstract model of self-assembly.
While it is abstracted from a wide range of self-assembling systems and while
there are nonphysical aspects to the model, it does closely capture the be-
havior of self-assembling tile systems. In particular, it captures the behavior
of DNA tiles; in fact, the design of DNA tiles was at least partially inspired
by the Tile Assembly Model. Even an abstract model can be closely cou-
pled to experiment. Further, the model allows us to address the question
of the complexity of a self-assembling system. In addressing this question,
the Tile Assembly Model provides useful answers to “What is possible?” type
questions. Finally, it is the model that makes the important link between
computation and self-assembly; this is likely the route that future progress
will follow to achieve programmed self-assembly.

9.4 Chapter Highlights

® Theoretical approaches to self-assembly are widely varied. They are
best defined by the questions they seek to answer.

® Physical models attempt to capture the behavior of one specific exper-
imental system or some small set of closely related systems. They are
useful for clarifying complicated parameter spaces and guiding experi-
mental efforts.

* Abstract models attempt to answer “What is possible?” type questions.
They are usually abstracted from a wide class of experimental systems.
They are useful for clarifying minimal conditions under which a partic-
ular behavior of self-assembling systems can be achieved.

® The model of field driven mean curvature surfaces, the model of entropy
driven helix formation, the chemical kinetics based model, and the wa-
terbug model, are all examples of physical models. They all operate at
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8. For the lattice model of this section, find two different rods, of the
same length, that have the same total energy. Your rods should be
truly different. That is, they should not be equivalent under rotation or
reflection. Can you choose a and 3 such that your rods are the minimal
energy configuration for your system?

different levels of abstraction, but are motivated by a small set of cloge
related experimental systems. '

e The conformational switch model, the graph grammar model, and 4
Tile Assembly Model, are all examples of abstract models. They agf

9. The Hosokawa model is easily implemented on a computer. Construct
a simulation using the parameter values P, = 0.438, P, = 0.375,
Pl =035, Pl =0, P = 0188, and Pj; = 0. (Assume P}, = PY
etc.) Plot z; versus zo for different instants in time. Do the same for
x3 versus 4. Now, change Plb3 to zero and repeat. How do your results
change?

erties of self-assembly.

9.5 Exercises
10. The waterbug model is difficult to simulate numerically. However, based

on the material of Chapter 5 and the ideas of this section, you should
be able to build a similar, more tractable model. In particular, consider

Section 9.2

1. The parameter X in Equations (9.15) and (9.16) contains the square]

. Show that Equations (9.15) and (9.16) reduce to the catenoid probleg

. Show that Equations (9.15) and (9.16) admit the special solution u

. Consider a hard sphere and rod model where two identical rods are i

. The helix formation model of this section strongly resembles the m"

. Return to the first two parts of this text and identify systems where &

. For the lattice model of this section, compute the possible configuratior

the applied voltage. Why? What does this imply for the possible sha; pi
that can be obtained by applying an electric field? .

of Chapter 6 when the applied voltage is removed.

Find the value of the parameters in the problem for which this solutigy
exists.

solution with a concentration of hard spheres. Suppose that the entrop
and excluded volume ideas of this section hold, but that the rods o
perfectly rigid and cannot bend. Instead, imagine that the rods ar
repulsive and that the energy needed to bring them together increasé
with the inverse of the square of the distance between their center
Formulate a free energy and analyze this model. You may assume th
the rods remain parallel and that their tops and bottoms are aligned-‘

netic system of Chapter 5 where an external field was applied. Disc 9
this relationship.

energy minimization principle came into play. Discuss how the moOf
elling techniques of this section could be applied to construct models E
those systems.

and energies for N = 2. Sketch a phase diagram for this system.

two interacting spherical particles on the surface of a fluid. In Chapter
5, we studied the attractive force between these particles. Use this force
and the ideas of this section to build a dynamical model governing the
attraction between two spherical particles. See [133] for one such model.

Section 9.3

11. Return to the self-assembling systems of the first two parts of this text
and uncover all possible types of conformational switching that you can
find. Compare and contrast these different types of switches. Which
ones fit into the framework of the models of this section?

12. Numerically simulate the ABC model with and without a conforma-
tional switch. Keep track of the assembly sequences followed by the
system. Compare the behavior of the two.

13. Again return to the first two parts of this book and find examples of
self-assembling systems that can be described by the conformational
switching model and examples of systems that cannot be described by
this model. For one of those that can, formulate the model. For those
that cannot, clearly explain what features of the system the model can-
not capture.

14. Return to the first two parts of this book yet again and find examples of
self-assembling systems that can and cannot be described by the graph
grammar model. For one that can, formulate the initial graph and rule
set. For one that cannot explain what features of the system the model
cannot capture.

15. The Tile Assembly Model is closely related to DNA tiling as discussed in
Chapter 8. Return to Chapter 8 and compare DNA tiling with the Tile
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16.

17.

18.

\
\
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Assembly Model. What features of the physical system are captured “
What features are left out?

The set of tiles presented here for the Tile Assembly Model are designe
to count in binary. Extend the structure of Figure 9.16 and show hg
this binary counting takes place.

As noted in Chapter 5 and again here, the complexity of one-dimensiong
self-assembling systems are generally low. Devise a sysfem that asserg
bles a chain of length 3N such that the chain consists of repeatir
subunits that alternate colors, say, red, white, and blue. What is t}
complexity of your system?

Throughout this section, we avoided discussing defects in self-assembly
Each of the abstract models discussed incorporates or considers the pog
sibility of defective bonding. How might the introduction of defects int;
these models affect the answers to the questions each model sets out
address? b

9.6

Related Reading

The book by Lin and Segel is a great introduction to both mathematics
modelling and continuum mechanics. :

C.C. Lin and L.A. Segel, Mathematics Applied to Deterministic Prog
lems in the Natural Sciences, SIAM, 1988. E

If you wish to learn more about electromagnetism, Jackson and Stratt
are the place to start.

J.D. Jackson, Classical Electrodynamics, Second Edition, Wiley, 1975}
J.A. Stratton, Electromagnetic Theory, McGraw-Hill, 1941.

An introduction to mathematical modelling in the context of micro- ang
nanosystems may be found in: i

J.A. Pelesko and D.H. Bernstein, Modeling MEMS and NEMS, Cha“
man and Hall/CRC, 2002.

A good place to learn more about Lagrangian dynamics is in the bO,
by Weinstock.

18

R. Weinstock, Calculus of Variations, Dover, 1974.
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Abstract models of self-assembly often use the language and tools of
computer science. You can learn more about these tool in the book by
Sipser.

M. Sipser, Introduction to the Theory of Computation, PWS Publishing,
1997.

A gentler introduction to the ideas of theoretical computer science can
be found in the books of Dewdney.

A K. Dewdney, The Tinkertoy Computer, W.H. Freeman and Company,
1993.

A K. Dewdney, The New Turing Omnibus, W.H. Freeman and Company,
1993.

9.7 Notes

1. The one exception to this is the first two abstract models, which are
closely related and share notation.

2. If you've forgotten, the divergence theorem relates volume integrals to
surface integrals. In this model, the integrals taken over the gap between the
soap film and the electrode can be replaced by integrals over the soap film
and electrode surfaces.

3. Note that this reference is to a Ph.D. thesis that was not yet complete
when this book was written. I expect that it will be available by the time
this book appears. If not, Derek Moulton will be happy to provide you with
details of this work. He may be reached at moulton@math.udel.edu.

4. Tt is not yet clear whether or not this parameter regime is experimentally
accessible at all.

5. In Chapter 5, p was ¢. Here q is used to denote the state of the system.

26. This problem was actually posed by Len Adleman. See profile in Chapter

7. The “big O” notation is used in asymptotic analysis. The statement
Q(IOg(N )) roughly means that as N tends to infinity the complexity grows
ike a constant times log(N).




